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Abstract
In an important class of linear viscoelastic media the stress is the
superposition of a Newtonian term and a stress relaxation term. It is
assumed that the creep compliance is a Bernstein class function, which
entails that the relaxation function is LICM. In this paper the effect of
Newtonian viscosity term on wave propagation is examined. It is shown
that Newtonian viscosity dominates over the features resulting from stress
relaxation. For comparison the effect of unbounded relaxation function
is also examined. In both cases the wave propagation speed is infinite,
but the high-frequency asymptotic behavior of attenuation is different.
Various combinations of Newtonian viscosity and relaxation functions and
the corresponding creep compliances are summarized.
Keywords: viscoelasticity, Newtonian viscosity, stress relaxation func-
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1 Introduction
Creep behavior is the most direct result of experimental investigation of vis-
coelastic media. On the other hand initial and boundary-value problems for
viscoelastic bodies involve Newtonian (instantaneous) viscosity and the stress
relaxation function. It is therefore important to connect the creep compliance
with the Newtonian viscosity and stress relaxation at both the qualitative and
quantitative level. This subject is investigated in [1].
In this paper we shall study how one-dimensional wave propagation charac-
teristics are affected by creep, Newtonian viscosity and stress relaxation behav-
ior. We investigate how these constitutive properties of the medium affect wave
propagation speed and wave attenuation. In contrast to our earlier paper [2] we
shall take into account the Newtonian viscosity component, which was ignored
in [2].
In this paper shall consider general viscoelastic media with a creep compli-
ance in the Bernstein function class. This class is sufficiently large to include
Newtonian viscosity as well as completely monotone stress relaxation functions.
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Furthermore, this class encompasses all the specific models of linear viscoelastic
media in the literature. Although no convincing theoretical justification of this
fact has ever been given it is reasonable to use the rich theory of Bernstein and
LICM functions so long as the viscoelastic model under consideration belongs
to this class.
In [1] we showed that the viscoelastic stress relaxation corresponding to a
general Bernstein class creep compliance [2] in general involves a Newtonian
viscosity term in addition to the stress relaxation term. The latter is assumed
to be given by a Volterra convolution of the strain rate with a locally integrable
completely monotone (LICM) kernel. More specifically, it will be shown that
a non-trivial Newtonian viscosity term is present whenever the Bernstein class
creep compliance does not involve an initial jump and has a finite initial slope.
It is natural to expect the last condition to be usually satisfied. In other words,
if the strain builds up gradually in response to a stress jump then stress-strain
relation involves a Newtonian viscosity term in addition to a the stress relax-
ation term. We can thus infer about the presence or absence of the Newtonian
viscosity term in the stress-strain relation from an examination of the results of
creep tests.
In our earlier paper [2] on linear dispersion and attenuation in linear vis-
coelastic media the Newtonian viscosity term was however ignored. We shall
now examine the effect of including Newtonian viscosity term in the stress-strain
relation in addition to the stress relaxation term. Many results obtained in [2]
still apply to the case considered here, hence we shall consider the present paper
as a complement to [2] and use the theorems proved in that paper while focusing
on the differences between the linear viscoelastic models with and without the
Newtonian viscosity term.
As expected, the main effect of Newtonian viscosity on wave propagation
turns out to be infinite wave propagation speed. We shall show here that in the
presence of a Newtonian viscosity term the high-frequency asymptotic attenu-
ation function is proportional to ω1/2, where ω denotes the circular frequency,
independently of the stress relaxation function.
Strong singularity of the relaxation function G(t) at t = 0 (the case of
unbounded G(t)) is another potential source of infinite wave propagation speed
while Newtonian viscosity may be absent. This case was studied in Sec. 8 of [2]
(cf also [17] in a more general context.).
Weak singularity of the relaxation function (G0 < ∞, G′(t) is integrable
on a neighborhood of 0) and absence of the Newtonian viscosity term entail
finite propagation speed and continuity of the wave field and its derivatives at
the wave front (cf [2, 6, 7, 8, 9, 10, 11, 12, 13] and, in a more general context,
[15, 16, 18]). In the last papers it was not assumed that the relaxation function
was completely monotone and, as a result, the relation to creep compliance was
not considered.
In media with a Newtonian viscosity component high-frequency wave atten-
uation is essentially determined by just the Newtonian viscosity coefficient. On
the other hand the stress relaxation term is more relevant for low-frequency at-
tenuation and the results obtained in [2] for low-frequency attenuation remain
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valid. Experimental results are as a rule to a low frequency range.
2 Relations between Newtonian viscosity, relax-
ation function and creep compliance.
We shall consider the one-dimensional linear viscoelastic problem:
ρ u,tt = N u,txx +G(t) ∗ u,txx + δ(x), t ≥ 0 (1)
u(0, x) = 0, (2)
u,t(0, x) = δ(x) (3)
where u(t, x) denotes the viscoelastic displacement field, N is the Newtonian
viscosity coefficient, N ≥ 0, and G(t) is the stress relaxation function, assumed
locally integrable and completely monotone (LICM) [2].
We recall that an infinitely differentiable real function f(t) defined on the the
set of non-negative reals is said to be completely monotone if (−1)nDn f(t) ≥ 0
for all t > 0 and for n = 0, 1, . . ., where Dnf denotes the n-th order derivative.
The function f is continuous on the set of positive reals but it can tend to
infinity at 0. It is therefore locally integrable if and only if it is integrable over
the set 0 ≤ t ≤ 1.
The asterisk denotes the Volterra convolution
(f ∗ g)(t) :=
∫ ∞
0
f(s) g(t− s) ds. (4)
Note that the second term on the right-hand side of (1) includes elastic stress
if G(t) ≥ E > 0.
For N = 0 the above problem was investigated in much detail in [2]. In
this paper we shall focus here on the effect of N > 0. For comparison we shall
also examine the case of unbounded G(t), because both cases result in infinite
propagation speeds. In the summary we shall also include the weakly singular
case (G(0) <∞, G′(t) singular, but integrable over [0, 1])
In the problem under consideration the stress is given by the sum of the
Newtonian term and the stress relaxation term: σ = N u,tx +G(t) ∗ u,tx. The
strain can be expressed in terms of the stress by the formula u,x = C(t) ∗ σ,t,
where the function C(t) is the creep compliance. Comparison of the stress-strain
and strain-stress constitutive equations yields the well-known duality relation
N C(t) +G(t) ∗ C(t) = t (5)
[2]. Applying the Laplace transformation we get the equivalent relation[
N p+ p G˜(p)
]
p C˜(p) = 1 (6)
where
f˜(p) :=
∫ ∞
0
e−pt f(t) dt (7)
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The creep compliance C(t) is a continuous, non-decreasing and non-negative
function, hence it has a finite non-negative limit at 0, which we denote by C(0).
We shall assume here that the creep compliance C(t) is a Bernstein function,
that is C(t) ≥ 0 and (−1)nDn C(t) ≤ 0 for t > 0 and n = 1, 2, . . ..
We know [1] that for a Bernstein function C(t) the solution of the duality
relation has the form N u(t) + G(t), where N is a non-negative number, G(t)
is a LICM function and u(t) denotes the unit in the convolution algebra of
functions1 on [0,∞[.
The derivative C′(t) of the creep compliance C(t) is also a LICM function,
hence it is non-negative and non-increasing. It follows that C′(0) ≥ 0, but it
can be infinite.
If G is bounded then G0 := G(0) > 0, because G is non-negative non-
increasing and not identically 0. G(t) is however often unbounded at t = 0. We
shall define G0 =∞ if G is unbounded.
In view of the identity p C˜(p) = C˜′(p) + C(0) equation (6) implies that
N p C˜′(p) +N pC(0) + p G˜(p) p C˜(p) = 1
with N,C(0), C˜′(p), G˜(p), C˜(p) ≥ 0.
If N > 0 then in the limit p → ∞ we get the equations C(0) = 0 and
N C′(0) +G0 C(0) = 1 (see Appendix for G0 = ∞). Thus N > 0 implies that
C(0) = 0 and C′(0) <∞. Hence if N > 0 and G0 <∞, then
N C′(0) = 1 (8)
Furthermore G0 =∞ implies that C(0) = 0.
Equation (8) allows an estimate of the Newtonian viscosity coefficient from
creep data.
It is worth noting that C′(0) = 0 implies that C′(t) = 0 for all t ≥ 0 (because
C′ is non-negative and non-increasing), hence C(t) = a for some non-negative
constant a and for all t ≥ 0; by the duality relation (5) a ∫ t
0
G(s) ds = t− aN .
Hence aG(t) = 1 for t ≥ 0 and a > 0 and therefore N = 0. Hence in this case
we are dealing with pure elastic stress. Hence C′(0) > 0 and N = 1/C′(0) if
the pure elastic case is excluded.
In the alternative case the Newtonian viscosity coefficient N is either 0 or it
is determined by equation (8).
3 Wave attenuation in linear viscoelastic media
with Newtonian viscosity.
Upon applying Laplace and Fourier transformation the wave equation assumes
the form
ρ p2 U(p, k) = −
[
N pk2 + p k2 G˜(p)
]
U(p, k) + 1 (9)
1
u is not a function and thus it is not an element of the convolution algebra. This problem
can be easily circumvented by using the concept of an approximate unit.
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here U(p, k) denotes the simultaneous Laplace transform of u(t, x) with respect
to t and the Fourier transform with respect to x. The dispersion equation for
equation (9) is
ρ p2 +
[
N p+ p G˜(p)
]
k2 = 0 (10)
We shall change the variable k: k = −iκ(p). The solution of equation (10)
can be expressed in the following form
κ(p)/p = ρ1/2/
[
N p+ p G˜(p)
]1/2
(11)
with the square root chosen so that Reκ(p) ≥ 0 for Re p > 0. The function κ(p)
is known as the complex wavenumber function [2].
The wave field is given by the inverse Fourier and Laplace transform of
U(p, k). Upon working out the inverse Fourier transform we end up with the
following expression [2]:
u(t, x) =
ρ
4pii
∫ i∞+ε
−i∞+ε
1[
N p+ p G˜(p)
]
κ(p)
ep t−κ(p) |x| dp (12)
Since G is LICM, Bernstein’s Theorem [2, 4] implies that G(t) is the Laplace
transform of a Borel measure µ on the set [0,∞[ of non-negative real numbers
G(t) =
∫
[0,∞[
e−r t µ(dr). (13)
The function G(t) is locally integrable or, equivalently, integrable over the in-
terval 0 ≤ t ≤ 1 if and only if∫
[0,∞[
1
1 + r
µ(dr) <∞ (14)
[2].
For p > 1 we have
G˜(p) =
∫
[0,∞[
1
p+ r
µ(dr) ≤
∫
[0,∞[
1
1 + r
µ(dr) <∞.
By the Lebesgue Dominated Convergence Theorem
lim
p→∞
G˜(p) = 0 (15)
and therefore the term N p in the denominator of equation (11) dominates for
large p. This holds for finite and infinite G0.
The limit of κ(p)/p at p→∞ equals
lim
p→∞, Re p≥0
κ(p)/p =
{
0, N > 0 or G0 =∞
1/c∞, N = 0 and G0 <∞ (16)
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where c∞ := [G0/ρ]
1/2 if G0 <∞.
It follows that for N > 0 the exponent in equation (12) assumes the form
p t − o[p]|x|. For t < 0 the contour integral (12) can therefore be closed by a
large half-circle in the right half of the p-plane, where the integrand does not
have any singularities. The wave field thus vanishes for t < 0, but in does not
vanish anywhere in the space for t > 0. As expected, the disturbance spreads
immediately to the entire space and the problem is no longer hyperbolic.
We recall [4, 2] that a function f(p) is a complete Bernstein function (CBF)
if and only if it has the form
f(p) = Ap+ p
∫
[0,∞[
µ(dr)
p+ r
where A ≥ 0 and µ is a Borel measure on [0,∞[ satisfying inequality (14).
Therefore the function N p+ p G˜(p) is a CBF, hence by Theorem 2.7 in [2] its
square root is a CBF. By Theorem 2.8 ibidem κ(p) is a CBF. Hence κ(p) =
B p+ β(p), where
β(p) = p
∫
[0,∞[
ν(dr)
r + p
= o[p], (17)
ν is a Borel measure on [0,∞[ satisfying the inequality∫
[0,∞[
ν(dr)
r + 1
<∞. (18)
Again we have that β(p) = o[p] for p→∞, Re p > 0, hence
B = lim
p→∞,Re p>0
κ(p)/p,
so that B = 1/c∞ if N = 0 and G(t) is bounded, while B = 0 otherwise.
In the case of N = 0 the asymptotic behavior of κ(p) for p→∞ was studied
in [2].
For N > 0 we note that
lim
p→∞,Re p≥0
κ(p)/p1/2 = [N/ρ]
−1/2
(19)
because of (15). It follows that for N > 0
κ(p) = [N/ρ]
−1/2
p1/2 + o
[
p1/2
]
(20)
The high-frequency asymptotics of the attenuation function a(ω) for N > 0 is
therefore given by the formula
a(ω) := Reκ(−iω) ∼ω→∞ [N/ρ]−1/2 |ω|1/2/
√
2 (21)
The high-frequency asymptotic attenuation is thus entirely controlled by the
Newtonian viscosity coefficient, with the relaxation term playing only a sec-
ondary role.
For comparison with [2] we shall also note that by Valiron’s theorem ([2],
Thm B.4) ν([0, r]) ∼r→∞ r1/2 l(r), where l is a function slowly varying at infinity
[3].
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4 The effect of the strong singularity of the re-
laxation function on the complex wave num-
ber function and attenuation.
Another case of infinite wave propagation speed involves an unbounded G(t).
This case is referred to in [2] as strong singularity.
We assume accordingly that G(t) = t−α l(t)/Γ(1− α), where 0 < α < 1 and
the function l(t) is slowly varying at 0. Excluding the case of G(t) ≡ 0, G(t) is
positive for sufficiently small t > 0, hence l(t) > 0.
By the Karamata theorems [3] p G˜(p) = pα l(1/p), hence p C˜(p) = p−α/l(1/p)
and C(0) = limp→∞
[
p C˜(p)
]
= 0. Furthermore C′(0) = limp→∞
[
p2 C˜(p)
]
=
∞.
The wave propagation parameters for this case are studied in Theorem 8.1 in
[2]. It is proved in Sec. 8 of [2], that in the case of N = 0 and G strongly singular
the propagation speed is infinite and the asymptotic attenuation a(ω) = l(ω)ωγ
with 1/2 < γ < 1, where l(ω) is slowly varying at infinity (Theorem 8.1).
Consequently, an infinite propagation speed and an asymptotic attenuation
∝ ωγ with 1/2 < γ < 1 indicates that N = 0 and the stress relaxation function
is singular, while an attenuation function ∝ ω1/2 indicates that N > 0. Of
course it may be difficult to distinguish between the two cases if γ is close to
1/2.
5 A few examples
We shall consider the creep compliances of three simple viscoelastic media with
a Newtonian component and a stress relaxation. The relaxation function can
be bounded or unbounded.
Example 1. Strongly singular relaxation function: G0 =∞.
We assume the constitutive equation
σ = N e˙+ t−α ∗ e˙/Γ(1− α) =: R ∗ e˙, 0 < α < 1, (22)
where R = N δ + t−α/Γ(1− α), R˜(p) = N + p−1+α. Hence
C(0) = lim
p→∞
[
p C˜(p)
]
= lim
p→∞
[N p+ pα ]−1 = 0
Furthermore
C′(t) =
1
2pii
∫ i∞
−i∞
ept [N p+ pα]−1 dp
where the Bromwich contour B runs along the imaginary axis to the right of it.
We now check whether the integrand has poles
N p+ pα = 0. (23)
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At a pole p = R eiφ we must have N R sin(φ)+Rα sin(αφ) = 0. For 0 < φ ≤ pi
both terms are positive, hence equation (23) cannot be satisfied. However for
φ = 0 the real part of (23) N R+Rα can vanish only for R = 0, p = 0.
Since the integrand vanishes exponentially for Re p < 0 and the only singu-
larity is the branching cut ]−∞, 0], the Bromwich contour can be deformed into
a contour running from−∞ to 0 below the negative real half-axis and then above
the negative real half-axis from 0 to −∞ with a half-circle K of a very small
radius ε in the right-half plane. The contribution ip
∫
pi/2
−pi/2
etpdφ/ [Np+ pα] with
p = ε eiφ of the half-circle K vanishes in the limit ε → 0, hence we obtain the
formula
C′(t) =
1
pi
Im
∫ 0
−∞
e−rt
1
−Nr + rα e−ipiα dr = (24)
sin(αpi
pi
∫ ∞
0
e−rt
rα dr
(−N r + rα cos(αpi))2 + r2α sin2(αpi) (25)
For t = 0 the integrand of the integral on the right-hand side is integrable if
and only if N > 0, thus C′(0) <∞ if N > 0 and C′(0) =∞ otherwise.
Example 2. G0 <∞, N > 0.
For example for
σ = N e˙+ e−t ∗ e˙.
we have R˜(p) = N + 1/(p+ 1). Hence
C(0) =
{
0 ifN > 0
1 ifN = 0
}
and
C′(t) =
1
2pii
∫ i∞
−i∞
ept
p
1
N p+N + 1
dp.
The the integrand in the last formula does not have a branching cut but it has
two residues at p = 0 and (if N > 0) also p = −P , where P := (N + 1)/N . For
N > 0 we thus have C′(t) =
[
1 + e−Pt
]
/(N + 1) and C′(0) = 2/(N + 1) dp.
Consequently if N > 0, then C(0) = 0, while C′(0) is finite.
As N → 0 the parameter P → ∞ and C′(t) tends to a constant. Thus for
N = 0 we have C(0) > 0, C′(0) <∞.
Example 3. Weakly singular relaxation function: G0 <∞, G′ has a
locally integrable singularity.
In the weakly singular case the relaxation function is bounded, but its deriva-
tive has a locally integrable singularity [2]. Here is an example of a weakly sin-
gular relaxation function, known as the KWW or stretched exponential model
in viscoelasticity and optics:
G(t) = e−t
α
, 0 < α < 1
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The function G(t) is CM because it is a superposition of a CM function e−x
and a Bernstein function x = tα, 0 < α < 1.
G′(t) = −α tα−1 e−tα
p G˜(p) =
[
1− p−1/2/2√pi
]
e1/(4p) →∞ G0 = 1
p C˜(p) =
[
1− p−1/2/2√pi
]−1
e−1/(4p) →∞ C(0) = 1
lim
t→0
C′(t) = lim
p→∞
p
[
p C˜(p)− C(0)
]
=∞
6 Conclusions
For a general creep compliance in the Bernstein function class stress can be
expressed in terms of strain rate as a superposition of a Newtonian viscosity
term and a stress relaxation term with a LICM relaxation function.
Linear viscoelastic media with a Bernstein class creep compliance can be
divided into two categories: (1) media with an initial jump of the creep com-
pliance (C(0) > 0) or with no jump but C′(0) = ∞; (2) media with no initial
jump of creep compliance (C(0) = 0) and with finite C′(0). In the second class
the stress always contains a Newtonian term, while in the first class there is
no Newtonian stress component. In this class there are also media with an
unbounded LICM relaxation function.
If the Newtonian viscosity coefficient is positive or the relaxation function is
unbounded, then the speed of propagation is infinite. In the first case the high-
frequency asymptotic attenuation is essentially determined by the Newtonian
viscosity coefficient, while the stress relaxation term only influences less impor-
tant corrections to the attenuation. In the second case the asymptotics of the
attenuation is different so that the two cases can in principle be distinguished
by examining the asymptotics of the attenuation.
Low-frequency asymptotics of κ(p)/p is controlled by the low-frequency asymp-
totics of the function p G˜(p), while the term Np in the denominator of (11) plays
a secondary role. Hence for low frequencies the results of [2] still apply.
The relation between creep, relaxation, wave speed and the attenuation func-
tion are summarized in the table below.
Table 1 shows that the coefficient of the Newtonian viscosity as well as some
parameters of the stress relaxation and wave attenuation can be estimated from
creep data.
The first row in Table 1 represents weakly singular relaxation [2]. In this
case G0 < ∞ and G′ is assumed to have a locally integrable singularity. In
this case the boundary of the region perturbed by the waves does not involve
any discontinuity of the field nor of any of its time and space derivatives. The
last statement follows from the fact that the factor e−a(ω) |x| ensures absolute
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Creep parameters Relaxation parameters Wave propagation parameters
C(0) > 0 N = 0, G0 <∞, G′(t) ∼0 −At−α, 0 < α < 1 c∞ <∞, a(ω) ∝ ωβ , 0 < β < 1
C(0) = 0, C′(0) =∞ N = 0, G(t) ∼0 At−α, 0 < α < 1 c∞ =∞, a(ω) ∝ ωγ , 1/2 < γ < 1
C(0) = 0, C′(0) <∞ N > 0 cω =∞, a(ω) ∝ ω1/2
Table 1: Summary of basic relationships between creep compliance, stress re-
laxation and wave propagation. β = 1− α, γ = 1− α/2.
convergence with respect of ω in the Fourier transforms of the Green’s function
and its derivatives [2]. This case is most important in applied viscoelasticity
and in poroelasticity [6, 7, 9, 10, 11, 12, 13, 5] as it involves finite propagation
speed of the wavefront and a delay of the first pulse arrival with respect to the
wavefront. The delay should be taken into account in inverse methods for the
a correct determination of scatterer positions [6].
Note that in all the cases the attenuation function is sublinear. This fol-
lows from concavity of the creep compliance [14] and also from causality [11].
This fact is worth mentioning because its general validity has sometimes been
questioned.
The second row represents the strongly singular relaxation and the third row
represents the effects of nontrivial Newtonian viscosity.
Appendix
It is well-known that
G(0) = lim
p→∞
[
p G˜(p)
]
(26)
if G(0) is finite. We shall now extend this equation to unbounded completely
monotone functions.
Using Bernstein’s theorem [4],
p G˜(p) = p
∫
[0,∞[
1
p+ r
µ(dr)
hence p G˜(p) is a non-decreasing function. If it is bounded by a number C, then
G(t) =
∫
[0,∞[
e−rt µ(dr) ≤ 1/t
∫
[0,∞[
1
1/t+ r
µ(dr) ≤ C
for t > 0, hence G0 <∞.
If G0 =∞, then p G˜(p) is non-decreasing and unbounded, hence it tends to
infinity for p→∞.

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Note.
This article has appeared in Archive of Applied Mechanics, doi:10.1007/s00419-
019-01620-2.
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